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Abstract 

In recent years, considerable interest has arisen in the characterization 
and modelling oí the soítening phase in tbe mechanical behaviour oí mass 
concrete. This softening is related to the interaction between microstruc­
tural components of the material, which results in the generalion of non 
homogcneous strain statcs where deformations are localized in relatively 
thin bands. 

The objeclive of this paper is to contribute to the numerical analysis 
oí the phcnomenon oí strain localization as it arises in mass concrete an 
particulary in compressive states oí stress. 

Wit.h Lhis objcctive a mixture modcl has bcen developed to simulatc its 
bchaviour. Thc modcl includcs two phases: thc aggregale reprcscnted with 
cohesive-friccional elastoplastic material and the matrix considered to be 
an elastic-brittle material. 

Thc application of the modcl to differcnt tests reproduces well the ini­
tiation a.nd dcvclopmcnt of thc localization ba.nds in compressivc statcs of 
stre:,s. 

1 Preamble 

A considerable amount of experimental inforrnation confirms that geological or 
so-called cohesive-frictional rnaterials, when deforrned sufficiently into the plastic 
range, give way to highly localized deformation patterns, in the forrn of shear 
bands. Such bchaviour has bcen obsen·cd in rocks [11], soils [14] and concrete 
[13]. 

The physical rnecha.nisrns of the initiation and propagation of shear bands dif­
fer according to the material in question. In granular materials, the rnecha.nisms 
are ma.inly govcrncd by intcrgranular microslips , whereas in rocks, the formation 
of shear bands is associated with the degradation of its material components due 
to fracture. 
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In our view, many aspects of the softening behaviour of concrete can be ex­
plained from its hctcrogeneous nature, being cornposed of two distinct phases: 
rnortar and a.ggregate. High stress concentrations arise in the rnortar-aggregate 
interface, generating rnicrocracks or defects around the grains. These rnicroc­
ra.cks actívate the subsequent crack growth when concrete is loaded. At these 
early stages, crack growth is a fairly distributed process. For certain stress paths 
these rnicrocra.cks tend to be confined into narrow bands which eventually form 
well defined failure planes. Recent experiments [13],[12] have confirmed the non­
uniformity in the state of deformation in concrete spedmens under compression 
exhibiting strain localization. Thcrefore one can conclude that fracture is the 
phenomenon which govems the strain localization process in concrete. 

The numerical treatrnent of strain localization by finite elements involves 
important drawbacks, such as modelling a discontinuity phenomenon by a con­
tinu um mechanics approach, and the ill-posedness of the boundary value problem 
with softcning. 

In spite of sorne sucessful atternpts to reproduce numerically localization pro­
cesses in granular materials, no realistic comprehensive model for macroscopic 
compressive failure of quasi-brittle materials, such as concrete, has been pre­
sented. The reason for this is that there is a lack of constitutive models a.ppli­
cable to cracking dama.ge under cornpressive states of stress. As was mentioned 
before, the combination of axial splitting cracking and strain localiza.tion appear 
to be an important part of the compression failure mechanism in concrete. 

The numerical modcls performed in this work attempt to verify that, with 
an adequate representation of the mortar as an elastic-brittle material and the 
aggregate as a granular mP<1ium, by means of the theory of mixtures, it is possi­
ble to reproduce localized failure modes in concrete under uniaxial compressive 
states of stress. Por this first we summarize the assumptions roa.de, regarding 
the mixture model and the representation of each phase. This model has been 
applied to simula.te with numerical experiments the uniaxial compressive fa.Hure 
of prisma.tic plain concrete specimens; varying the size of the specimens as well 
as the boundary conditions. The results show that the proposed model is able 
gencrally to reproduce thc experimcntally observed failure modes, although the 
numerical results show a more unstable character. 

2 Concrete as a mixture 

Concrete can be idealized as a composite material as was firstly advocated by Or­
tiz and Popov [7]. Mixture theory is a particularly convenient way of taking into 
a.ccount the strong heterogeneity of concrete, by considering two main phases: 
rnortar and aggrcga.tc. A consequence of this assumption is that extcrnally a.p­
plied stresses distribute unequally between the two phases. The avera.ge stresses 
acting in mortar and a.ggregate must joir,tly equilibrate the applied loads, but 
may be vastly different from each other, due to the diff erence in the mechani­
cal behaviour of the two components. It seems rea.sonable to assume that these 
phase stresses drive the inelastic mechanisms of cracking in mortar and plastic 
flow in aggregate. In other words, the inelastic rnechanisms are driven by stresses 
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which may differ substantially from the applied ones. 
Mixture theories provide a simple yet effective mea.ns of estimating the value 

of the phase stresses and therefore may predict that purely compressive uniaxial 
loa.ds induce large tensile stresses in mortar which a.et normal to the axis of 
loa.ding. · 

This theory relies on the main assumption that an arbitrarily small volume 
of concrete contains both aggregate and mortar in fixed volumetric fractions 
a:1 and a 2 respectively. The conservation laws far a mixture may be obtained 
by requiring certain invariance properties from an energy balance equation (see 
Ortiz and Popov [7] and Martinez [6] far a detailed discussion). 

The equilibrium requirement may be expressed as: 

{1) 

where o-1 and o-2 denote the average {phase) strcsses acting in aggregate and 
mortar respectively, and o- the applied (global) stresses. It should be remarked 
[8], that o-1 and o-2 have to be understood in the sense of the theory of interacting 
continua¡ the phase stresses are macroscopic variables pertaining to material 
neighbourhoods which are large compared to the microstructure. 

The abscnce of diffusion between the phases necessitates compatibility of 
macroscopic deformations, that is: 

. e: = e:¡ = e:2, {2) 

where e:Q,e:2 and e: denote the macroscopic strain tensors of aggregate, mortar 
and concrete respectively. As in the case of phase stresses, a similar remark 
applies to the nature of the stra.in tensors, which are not intended as mea.sures 
of the defarmation processes that take place at the microscopic level. 

Under thcse two main assumptions: composition rule {1) and compatibility 
condition (2), the overall stress-strain relations far concrete can be obtained from 
those of its constituents. According to [7], [8] and [6] it is possible to relate o-1 

and o-2 with the concrete stress u as follows: 

u 1 = B 1 : o- + P1, 

CT2 = B2: CT + P2, 

(3) 
(4) 

where B1 and B2 are the influence tensors and p 1 and p2 the residual stresses. 
The models proposed far a.ggregate and mortar are both rate-independent. 

Fpllowing a standard procedure it is possible to formulate incremental stress­
stra.in relations of the type: 

· nT · · nT · (5) CT¡ = 1 : e:¡, CT2 = 2 : e:2, 

where D[ and Df denote the ta.ngent stiffness tensors of aggregate and mortar, 
respectively. Making use of (1) a.nd (2) one readily finds: 

(6) 

where 
DT = a1D[ + a2Df, (7) 

are the tangent stiffness tensors of concrete. 

3 



2.1 Modelization of aggregate as a granular n1aterial 

Aggregates may be idealized as a set of granular particulates which interact by 
means of contact forces exerted among them like in cohesionless soils. The con­
stitutive behaviour and the strength capacity is mainly governed by the level of 
average prcssure. A pla.stic criterion which has been frequently used to char­
acterize the failure of cohesionless soils is the Drucker-Pra.ger failure criterion 
which can be expressed as: 

:F = ,JI;.+ a:11 - "-p, {8) 

where 11 = u¡¡ (first invariant of the stress tensor) and J2 = ½s¡;s¡; (second 
invariant of the stress deviators ). 

The coefficients a and Kp are related with the material friction angle ~ and 
the cohesion e respectively. They may be obtained by fitting the Drucker-Prager 
criterion to the :Mohr-Coulomb hypothesis; enforcing the coincidence of the com­
pression meridians for both criteria. 

Another distinct characteristic of granular materials is the fact that the dila..­
tancy angle '11, defined as the ratio between the volumetric and deviatoric plastic 
strain rates, does not in general coincide with the interna! friction angle ~- This 
leads to consider a flow potential of the type: 

(9) 

where /3 is a function of the dilatancy angle q,. The plastic strain rates are then 
given by: 

• 11 • 8Q(cr) 
e: =, ---, fJcr 

where -y is the plastic consistency para.meter. 

(10) 

A hardening evolution law for a has been adopted, very similar to the ex­
pression advocated by Vermeer and Borst [15] and Leroy and Ortiz [5]: 

(-) ( ) [tp-(Ep)HtP - (-) } 
O: é.p = O:o + Oaat - O:o 1 - . e- )2 Ep :5 Ep aat• 

Ep aat 

a:(Ep) = O:sat . Ep ~ (tp)aat• 

(11) 

Thus, the friction angle ~ will be increased monotonically from ~o to ~,at as a 
function of the effective plastic strain. 

2.2 Modelization of mortar as an elastic-brittle material 

The mortar phase provides cohesion to the granular phase. A distinct char­
acteristic of concrete is that its clastic properties degrade as a consequence of 
microcrack extension due to the mortar. This microcrack .extension provides 
an anisotropic constitutive behaviour to concrete. In the present formulation 
mortar is idcalized as a ela.stic material with sorne criteria to define the crack 
propagation. 

Different numerical a.pproaches ha.ve been proposed in the past to represent 
t he brittle behaYiour in concrete: the ficticious crack model of Hillerborg [3], the 
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crack band model proposed by Bazant [1], etc. Most of the existing sineared 
crack models have difficulties in representing correctly the final stage of mode•I 
separation. An excessively stiff response is found, dueto stress locking resulting 
from the assumption of displacement continuity, excessive shear stress transfer 
along the crack, and othcr factors [10]. 

A possibility to overcome thc abovc deficicncy of the smcared approach is 
to remove finite elements from the mesh. Element removal as a procedure for 
advancing cracks through a finite element mesh has been employed by Ortiz and 
Giannakopoulos [9] in crack propagation in monolithic ceramics under mixed 
mode loading. More recent]y Rots has employed a similar technique applied to 
concrete [10]. 

In the present approach, it is assumed that the fracture energy is entirely 
determined by the conditions existing at the· tip of the crack. Therefore, it 
secms rea.sonable lo expect the conditions for crack growth to be a function of 
the near•tip stress intensities. In keeping with tl1is assumption postulated by 
Ortiz and Giannakopoulos [9], a fracture criterion can be defined of the form: 

ge= ge (12) 

where ge is the energy release rate due toan extension of a notch and ge is a 
material constant called critical energy release rate. 

It is sought to remove elements in such a way as to satisfy fracture criterion 
12. Consider for simplicity, a square füúte element mesh of grid of size h,(see fig 
1) containing a preexisting crack. Let ne denote the domain of a generic element. 
The energy release rate dueto the removal of element ne may be estimated as 
follows: 

(13) 

-Fisura 

1( )1 
h 

Figure 1: Crack propagation 
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The criterion adopted for elintlnating an element from the mesh is: 

(14) 

For isoparametric quadrilaterals the integral in (13) may be approximated 
by a one point quadrature rule as: 

(15) 

where lVe = ½Dijk/éijék/ is the strain energy density at the centroid of the 
element. 

3 N umerical results 

The above model has been implemented within the general purpose nonlinear 
finite element code ABAQUS [4], and employed to perform numerical experi­
ments. The intention is to reproduce different unia.xial compression tests of con­
crete spccimens, attempting to verify whether with simple constitutive models 
for the mortar and aggregate, it is possible to represent the uniaxial compressive 
behaviour of concrete and its ha.sic failure mechanisms. 

The response of different specimens subjected to uniaxial loads has been 
analyzed, verifying the infiuence of the size and the boundary conditions. 

The analysis has been carried out under plane strain assumptions. Square 
elements of 5 mm length have been adopted for the whole rnodel. In this fashion, 
the element size provides a characteristic length representing an average size of 
the a.ggregates. V{e assume the existance of critica! defects consisting of inter­
facial cra.cks bctwccn the mortar and aggregate triggering the initiation of the 
cracking process. In all of the analyses the existance of a critica! microcra.ck at 
the center of the specimen has been assumed. 

From the numerical standpoint, special attention has been taken for the 
implcmcntation of thc Druckcr-Pra.ger yield function. The difficulty associated 
with it is due to the comer on the hydrosta.tic axis, corresponding to fa.ilure by 
ca.vitation. The presence of the comer may render the state update procedure 
ill-posed or even undefined when the confining pressure is small. To overcome 
these problems, thc comer has been rounded off by fitting a spherical cap of 
the same form as a.dvocated by Leroy and Ortiz [5) (see [6] for a more detailed 
discussion ). 

Hugues' B-method was adopted to prevent locking dueto near-incompressi­
bility under fully developcd plastic flow. The modified-Riks or arc-length method 
has been adopted for displacement and force control. 

The para.meters adopted for idealizing the mortar are: Young's modulus 
Emortar = 25 GPa, Poisson coefficient v = 0.2, Fracture energy ge = 160 J /m2 

and volumetric fraction O'mortar=0.15. Aggregate is characterized by th~ fol­
lowing parameters: Eaggregate = 40 GPa, v = 0.2, friction angle <I>o = 20°, 
<I> sat = 30° (tp ~ 0.5%), dilatancy 'l' = 10°, cohesion e= 0.4 MPa and volumet­
ric fraction O.aggregate = 0.85. 
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3.1 Analrsis of specimens of different size .. 
Several analyses has been carried out for modelling prismatic specimens of 100 
mm width and three different heights: 200, 100 and 50 mm, corresponding to 
slcndcrncss ra.tios of 1:2, 1:1 and 2:1 respectively. 

Figure 2 dcpicts the dcformcd configuration of thc tlirce spccimens, showing 
wcll defined shear bands in each case. The angle with the principal compressive 
stress is 30°, in close qualitative and quantitative agreement with the experi­
mental obscrva.tions of Van Mier [13). As soon as the shear band links up with 
the surface of tl1e spccimcn, the load-displaccment curve suífcrs au abrupt drop 
from the levcl of the uniform solution, exhibiting a. rapidly softening response 
(figure 3). It is interesting, although not surprising in view of the experimental 
evidence, that no significant size effect has been detected for the global load 
valucs. This is in agrcement with the rcsults obtaincd by Bazant a.nd Ozbolt [2]. 

1 
1 

1 
1 

,....-_ ..... V-

L -....... 
'::. ...... 1 

·-' 1 

Figure 2: Deformed configuratíon of specimens of different size 

Another observa.tion one ma.y make from the numerical results is tha.t, as a 
consequence of the appea.ra.nce of the shear band, the stress and strain field is 
not uniform beyond the peak stress. 

3.2 Analysis of specimens with different boundary conditions 

The a.nalyses reported here represent a prismatic specimen of 100 mm of width 
and 100 mm of height, with different coefficients of friction. The goal is to assess 
nurnerically the influence of the boundary conditions (specifically friction) in the 
unia.xial compressive response of concrete. Three different coefficients of friction 
ha.ve been a.doptcd: 0.20, 0.05 and 0.01. In figure 4 onc can see the deformed 
configuration for the three boundary conditions and the change of the a.ngle of 
the shear band when it reaches the upper boundary. In the force-displa.cernent 
curve depicted in figure 5 an incrernent of the peak stress with the level of friction 
is obtained. 
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Figure 3: Force-displacement curve of specimens of different size 

4 Conclusions 

• The most distinctive characteristic of quasi-brittle materials such as con­
crete is that the localization processes are closely related with the fracture 
of the mortar phase. This phenomenon originates non-homogeneous states 
of deformation with a marked softening response beyond the peak stress. 

• The proposed mixture model, which represents each phase of concrete 
(mortar and aggregate) with simple constitutive models, appears to be ca­
pable of representing axial splitting cracks and shear band f?'ilure in plain 
concrete under compression. 

• The deformation state in concrete specimens uii.der uniaxial compression is 
markedly non-homogeneous beyond the peak stress. Although the failure 
mode is highly dependent on the size of the specimen and the boundary 
conditions, the overall load curves do not exhibit large differences. 
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Figure 4: Deformed configuration for different boundary conditions 
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Figure 5: Force-displacement curve for different boundary conditions 
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