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ABSTRACT

The basic mechanics of the failure of inverse wedges in
slopes of jointed rock masses has been analyzed in this
paper.

The study has been limited to the case of sliding of a
single wedge subjected to friction, cohesion, water pressure
and seismic forces. For a given safety factor, the support
force provided by walls, bolts or cables has been
calculated.

The methodolegy for studying the stability of the wedges
is based in the equiareal stereographic projection in the
lower reference hemisphere.

Seismic forces are evaluated from the accelerogram in the
surrounding rock mass. It allows obtaining acelerations,
velocities and displacements as well as the history of inte-
raction forces developed between the wedge and the rock mass
during the earthquake.

The proposed procedure allows a relatively easy de-
termination of the support force required to ensure a given
safety factor by making use of the stereographic projection
and computer programs to the evaluation of dynamic forces.

INTRODUCTION .

One of the most common problems in slopes in jointed rock
masses is the potential instability of rock wedges, since it
constitutes a serious threat for personnel and equipment
operating underneath.

The basic mechanics of the failure mode, which involves
the sliding of a wedge along the line of intersection of two
planar discontinuities, will be analyzed in this paper.

The general methodology for studying the stability of
direct wedges was first proposed by JOHN (1968) and
subsequently considered by HOEK and BRAY (1981).

The analysis of 1inverse wedges has always been more
difficult. In this paper, in order to improve the knowledge
about inverse wedge stability, a complete problem has been
solved.
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The discussion 1is limited to the case of sliding of a
single wedge, such as that shown 1in Figure 1, 1in the
presence of friction, cohesion, water pressure, seismic
forces and the support provided by walls, bolts and cables.

(a) (b)
FIGURE 1

The discontinuity planes could form a wedge on the slope
face, but their line of intersection may be too steep or too
flat to intersect the ground surface. Therefore, in unstable
wedges, the apparent dip of the slope in the direction of
the sliding line of the wedge, must be steeper than the
sliding line defined by the intersection of the two
discontinuity planes. Furthermore, the sliding line must be
either visible in the ground surface or intersected by a
discontinuity plane which separates the wedge from the rock
mass (Figure 1-b).

Each plane has its individual values for the cohesion and
friction angle. The implementation of those forces is based
on the use of an apparent friction angle 1in each plane,
which produces a force equal to the total reactive force due
to the cohesion and friction forces.

The water pressure and its resulting forces U, and U_ on
the two planar discontinuities are computed 4n the Rost
unfavourable condition, i.e. when the outcrop of the
discontinuities 1in the slope face 1is sealed and the
discontinuities are full of water.

The seismic force S is evaluated from the accelerogram in
the surrounding rock  mass. The  behaviour of the
discontinuities involved in the wedge 1is defined by the
corresponding force-displacement relationships, both in the
normal and shear directions. The use of those laws allows
obtaining acelerations, velocities and displacements,
as well as the history of interaction forces developed
between the wedge and the rock mass during the earthquake.

Finally, the safety factor SF of the wedge is defined as
the ratio of the forces opposing the sliding of the wedge
(friction, cohesion and support forces) to the destabilizing
forces acting on it (weight component parallel to the line
of sliding, water pressure and seismic force).
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The assessment of the safety factor of the wedge will be
carried out using the stereographic projection in the lower
reference hemisphere.

The effective weight W_ is defined as the resultant force
of the weight, water preSsure, seismic force and a support
force such as that applied by a tensioned cable.

In order to calculate the effective weight W_, a diagram
of the forces acting on the wedge is shown in F?gure 2. The
component of W_ normal to the line of sliding produces a
normal reaction® N which, multiplied by the tangent of the
apparent friction angle, results in a friction force F
opposit to the direction of sliding. Thus, the frictioh
force on the sliding line is given by

Fr = N tan ¢' (1)
where ¢' is the apparent friction angle of the wedge.

The tangential component Wet of the effective weight is
defined by

Wet = N tan « (2)
where a 1is the angle formed by the normal reaction of the
rock mass and the effective weight, W_.

As mentioned earlier, the safety factor SF of the wedge
is defined as the ratio of stabilizing to destabilizing
forces acting on the wedge. In other words, the safetly
factor can be computed as the ratio of the tangent of the
apparent friction angle to the tangent of the angle formed
by the effective weight and the normal to the direction of
sliding.

N tan ¢' tg ¢'
= (3)
N tan « tg a

SF

The wedge will be stable if a<¢', that ig; 4Ar its
effective weight located inside the friction cone.

It is worth noting that the factor of safety given from
equation (3) is independent of the slope height, the angle
of the slope face and the 1inclination of the upper
ground surface.

2. WEIGHT OF THE WEDGE.

In order to assess the weight of the wedge, it becomes
necessary to know the orientations of the planes forming the
wedge, and the distance between the crest of the slope and
the intersection line of the two discontinuities outcroping
in the upper ground surrface.

An isometric view of the inverse wedge in the slope is
presented in Figure 3. The stereoplot of the wedge failure
geometry is shown in Figure 4.
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PLANE A pLANE B

FIGURE 2 FIGURE 3

As the wedge is a tetrahedral block, its volume is given
by:

V=— 8§ h (4)

where S, is the base area of the block (triangle XYZ) and h
is the Beight of the apex A_.

A diagram of the upper sfope surface appears in Figure 5.
Two letters identify each 1line, corresponding to the two
planes involved in the intersection. For example, line at is
that defined by the intersection of discontinuty plane A and
the upper ground surface T. The two planar discontinuities
are labelled A and B (Fig. 4), T is the upper ground surface
S is the slope face and P 1is the vertical plane which
contains the line of intersection of A and B.

The length of the sides at, bt and st in triangle XYZ is
related to the distance d and angles § (formed by at and
st) and ¢ (formed by bt and st); “those angles can be
measured ifi the stereoplot (Fig. 4). From Figure 5, the
following equations can be stated:

at = d/sin 8, (5)

bt = d/sin &, (6)

st = bt cos 62-at cos Sl (7)
=3 -

S, =_1 st.d=_1 d (tan 5, - tan”’ ) (8)

2 2

232



S
sl
zdéﬁ;ﬂutbn

FIGURE 4

The triangle XVA_ in Figure 3 is defined by the vertical
plane P through the intersection line I of the two planar
discontinuities. The height h of the apex of the wedge can
be obtained from the triangle XVAp.

In Figure 5,

pt = d/sin 63 (9)
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where &, is the angle formed by lines pt and st, which again
can be measured 1in the stereoplot. Angles B,, B, and B, of
triangle XVA (Fig. 6) can also be obtdined® from °the
stereoplot. P

FIGURE 5 FIGURE 6

The length I of the line of sliding on the wedge can be
derived using the sine theorem

pt d sin B, ‘
I = sin 32 = (10)
sin 33 sin 63 sin 33

The height h of the wedge is given by

d sin 32 con (33 + 34)
h =1 cos (33 + 34) = (11)
sin §_, sin B
3 3
where 5 is the angle of ps with the vertical, measured
again if the stereoplot.
The weight of the wedge is the product of its volume
times the specific weight of the rock

Ww= Tv (12)

3. APPARENT FRICTION ANGLES.

The apparent friction angles, ¢', include the effect of
both cohesion and friction forces in each plane of
discontinuity. These forces are reactive and act in the
direction opposit to the sliding of the wedge.

The tangent of the angle ¢' in each planar discontinuity
is equal to the ratio between the resultant reaction force
(cohesion plus friction) and the normal N to the line of
sliding.

In planes A and B, the apparent friction angles are given
by;
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tg ¢', = = tan ¢, + ———— (13)
A N A N
A A
F + C, A c. A

tg ¢'B = L BB tan ¢B + BB, (14)
NB NB

Where a designates area, F, friction force, C cohesion, N
normal reaction and suscripts A and B refer to the two
planes of discontinuity involved.

As the values for cohesion and friction angle can be
determined by means of 1in-situ or laboratory tests,
equations (13) and (14) can be solved.

A is the area of the triangle XZA_1in Figure 3. A_ is
the 8rea of the triangle XYA in he same Figure. Eotb
triangles appear in the diagram shown in Figure 7. The
angles § an Sb can be measured 1in the stereoplot. The
values of at, bt and I are calculated in equations (5), (6)
and (10) respectively.

G2 bt
Y
I 1
A X,
(a) (b)
FIGURE 7

The areas A, and A_ are given by:

A B
i 1 d2 sin 32 sin Sa
By =i a1 A0 ¥ = (15)
2 2 sin 61 sin 63 sin 33
i 1 d2 sin BZ sin 6b
AB = — bt I sin 6b = — (16)
2 2 sin 62 sin 63 sin 33

The angles in the above equations are obtained from the
stereoplot.
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The normal reactive forces NA and NB can be deduced from

Figure 8.

(a) (b) (c)
FIGURE 8

The cross-section of the wedge along the vertical plane P
passing through the line of sliding has been drawn In Figure
8-a. In this figure, Ni is the normal component of the
weight W:

Ni = W cos Si
where §, 1is the dip of the intersection 1line of the two
planar discontinuities.

The cross-section of the wedge along a plane E
perpendicular to the line of sliding 1is represented in
Figure 8-b.

Finally, in Figure 8-c, the triangle embodying N,, N_ and
N, has been drawn. The angles # and § cafi a1Bo be

0
’
détermined in the stereoplot in Fi%ure24. 4
Ni cos 6i
N, = sin 61 =W sin 0, ———=— (17)
. 0 1 s 6
sin sin
3 3
Ni cos 6i
N_ = sin @ =Wsinf,, —— = (18)
B 2 s 2 3
sin 03 sin 93

4. CONCEPT OF WEDGE FRICTION CONE.

In wedge failures, the block will slide down the line of
intersection of two planar discontinuities. Friction takes
place at both of these discontinuities. In the present case,
in order to obtain the safety factor of the wedge, the
resultant friction angle ¢', must be measured in a vertical
plane passing through the 11ne of sliding of the wedge.

The two planes of discontinuity A and B, together with
the friction cones on a section perpendicular to the line of
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intersection, are shown in Figure 9.

FIGURE 9

A stereoplot of the friction cones appears in Figure 10.
The friction cone of plane A intersects the upper hemisphere
of the projection; therefore, only the symmetrical part of
the cone in the lower hemisphere must be considered.

The resisting force Q, acting on plane A is the resultant
of the normal and frictéon forces N, and R,, respectively,
which act parallel to the sliding 4ine of? the wedge. The
force Q in plane B is defined in the same manner. Both

forces and Q. are combined in the vertical plane along
the line™ of sliﬁing of the wedge. The resulting force is
called Q.. The direction of this force 1is given by the

intersection of the previously mentioned vertical plane and
the plane defined by Q and QB' The friction angle @' is
measured between N, andAQ..

The angle ¢'.” In gure 10 is obtained from the
stereographic projection. In this figure, the direction of
the forces Q, and Q', are defined by the intersection of the
friction cohe in “plane A and the plane which 1is
perpendicular to discontinuity A and parallel to the line of
sliding of the wedge. Qg and Q', are deduced in a similar
way.
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FIGURE 10

The force Q. is located in plane K, defined by the great
circle which péasses through Q', and Q_. It can be observed
(Fig. 9) that the two lines deéining Blane K are located in
different sides of the plane N,~Np normal to the line of
sliding of the wedge. (' haf Been taken instead of Qa
because Q, is in the upper ﬁemisphere.

The pldane K' is symmetric to plane K with respect to
plane N,-N_. Friction is measured between planes K or K' and
the plaﬁe i -Ng in great circles passing through the line of
sliding of £he wedge .
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5. WATER PRESSURE ON THE WEDGE.

The water pressure considered corresponds to the least
favourable conditions. It 1is assumed that, as expected
following heavy rainfall, fissures are completely full of
water. Under these conditions, the water thrust on the
planes of discontinuity is given by the water pressure in
the barycenter of the triangular faces of the wedge.

The triangles representing the two faces of the wedge,
XZA and XYA_are shown in Figure 3. The barycenters of the
twoptriangleg are located at a depth h/3 from the upper
ground surface. Therefore:

h
L N
h

The water thrust U resulting from the addition of U
and U is obtained 48 Figure 11, where U and U ard
consiflered to act in opposite directions t8 N ahd N
respectively. The size and direction of U can be obtained
solving the triangle formed by U,, U, and 0% .

The sizes of Up and U, were alréady c8%culated and the
angle between” U and U can be measured in the

stereoplgt. The folloéing equatfons can be written:

Yap Ya :

sin@ 3 sin 94 sin 8.

where 65 = 180 - 93 - 94 and sin 85 = sin (6, + 94)

i sin 65 sin 0, cos §, + cos @ 2 51n94
B i, AL Dl m . =
% 4 sin ) e sin @
4 4
sin §
=U + cos ]
A tan # 3
4
U U
cot 64 SR - SN cotf , =m; o TR 33 =m
Uy sin 93 Uy sin 93

sin 34 = (1+m2)-l/2
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sin @
U =U =3
sinf) p

U,, must be located in the stereoplot on the great circle
passfﬁg through U
...

with respect to

A

and UB’ with an angle 4

B

W

U

FIGURE 11 FIGURE 12

6. SEISMIC FORCE.

The stability of individual rock blocks 1is assessed by
conducting a time history analysis of the block during the
earthquake. The relevant seismic motion is introduced as an
accelerogram in the surrounding rock mass. The joints or
discontinuities around the rock block of interest are
provided with the appropriate mechanical behaviour in the
normal and shear directions. Then, a time history analysis
allows obtaining the block  motions (accelerations,
velocities and displacements), as well as the history of
forces exchanged between the block and the rock mass during
the earthquake.

The seismic force E has been represented 1in the
stereoplot shown in Figure 10. As the force E is horizontal,
the point representing its line of action is located on the
border of the circle. The earthquake epicenter is located
699 N-E. Therefore, the direction of the force E is 669 S-W.

7. CONTOURS OF EQUAL SAFETY FACTOR.

It was shown earlier that the safety factor can be
obtained as the ratio between the tangent of the apparent
friction angle and that of the angle a (formuled by normal
to the line of sliding and the effective weight We).

tg ¢’
SF = —
tg a

240



Different angles ¢' can be measured on great circles
passing through the 1line of sliding of the wedge, i.e.
through the intersection of the two planes of discontinuity.
Those angles are measured from plane NA_NB to planes K or K'
in Figure 11.

In each plane parellel to the sliding line, the angle «
can be as:

a = tan~1

(tan ¢'/SF)

By measuring the a angles spanned between the plane N --NB
and the point of intersection of the two discontinuitées,
points P.,, P., Pk ..... can be defined in Figure 11. Such
points chnstitute®loci of equal safety factor.

8 ._SUPPORT FORCE.

In order to assess the support force T required for
achieving a previously specified safety factor SF, the
resultant force We of all forces acting on the wedge must be
obtained. The direction §,, and the dip a of the support
force can be decided as & function of lotal conditions of
the slope and on the drilling machine capabilities. Then the
modulus of the required support force can be estimated.

Force W,, which combines the weight W and the water trust
U,, has bedn drawn in Figure 12. The angle B_ between W and
v?B is measured in the stereoplot. The modultis and location
o#Bw_ can be obtained solving the triangle formed by W, U

and % . s
d
174
1/tan 8, = ————— =~ 1/tan B, = n
UAB sin 36
sin 8, = (1+n2)-1/2

N sin 56
1~ "AB ’

sin 37

The seismic force E and the force W, give the resultant
W,. From Figure 13, the triangle forhed by W,, E and W,
gives the size and direction of W,:

2
Wl
1/tan 39 = ————— - 1/tan Ba =1

E sin BB

sin By = (1 + 12)’1/2
sin B
W, = E 8
sin B9
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The force W, and the angle 39 (between Wé and WI) are
indicated in Fi&ure 10.

Finally, the force W and the support force T can be
added, thus giving the résultant force We. This force has to
be on the initially specified safety line SF.

The force We must be located in the plane defined by W
and T, i.e. in the great circle passing through W, and T, aé
shown in the stereoplot in Figure 10. This great®circle and
the safety 1line SF define a point which represent the
direction of We.

The size of the support force is obtained from Figure 14
solving the triangle formed by W,, P_ and T. In this
triangle, only one side is known, bt bolh angles BT and B
can be measured in the stereoplot. ad

FIGURE 13 FIGURE 14

The value of T is given by

sin Bw
T=W2
sin BT
The above value is the support force T which, acting in a
direction §,, achieves the specified safety factor SF,
taking into” account cohesion, water pressure and the seismic
force.

9. CONCLUSSIONS.

The complete stability problem of an inverse wedge of
rock has been solved in this paper.

The proposed  procedure allows a relatively easy
determination of the support force required to ensure a
given safety factor by making use of the stereographic
projection.

Water pressures on the discontinuities and seismic forces
have been 1included in the problem. It is not difficult to
introduce other external forces acting on the wedge.

Inverse wedges have always been regarded as somewtat
problematic. The advantages of the stereographic projection
have been exploited here to provide sufficient accuracy
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without resorting to computer calculations. Nevertheless,
the evalution of dynamic forces, as induced by earthquakes,
blasting, etc, requires the implementation of computer
programs. These would be used together with appropriate
dynamic input (e.g. accelerogram) and behaviour for
conducting a time-history analysis of the block during the
dynamic event and to obtain the forces acting on the wedge.
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