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SHORT COMMUNICATIONS
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SUMMARY

Collapse loads are overestimated by finite-element or finite-difference procedures when the material
discretization does not allow locally mcompressible platic fiow: for example, constant-strain triangles or
tetrahedra give unacceptable results, The use of different discretizations for the isotropic and deviatoric
parts of the strain tensor is advocated for preventing this problem. The technique can be easily
implemented in existing two- and three-dimensional computer programs. Its effectiveness is demonstrated
by several examples. -

INTRODUCTION

A remark often heard during discussion on Lagranigan finite-difference schemes is that
constant-strain triangles and tetrahedra are ‘too stiff’, and that quadrilateral and hexahedral
elements are therefore preferred. For example, Hallquist er al.” say:

‘As the incompressibility limit associated with the plastic flow is reached, these elements
- [constant-strain triangles and tetrahedra] have been observed to be excessively stiff, almost to
the point of ‘“‘locking-up”.’

A modification to the formulation for triangles and tetrahedra is suggested here which greatly
improves their representation of plastic flow.

In fact, many space discretizations used in finite-element and finite-difference calculation
involving plastic flow are known to be inadequate as the collapse load is approached. Nagtegaal
etal.'® originally explained why plasticity problems cannot be modelled accurately with many of
the standard finite-element discretizations. The difficulty arises because a condition of local
mesh incompressibilty must be satisfied during flow; under this condition, certain dasses of
meshes are overconstrained, with the dangerous consequence that predictions of resistance to
failure are too high. -

Following the referenced paper, a number of mvestigations in the finite-element field have
Biven attention to this problem."''"’* Although Nagtegaal er al.!® used as examples implicit
finite-element analyses, the concepts are applicable to both finite-element and finite-difference

* Formerly Dames & Moore, 123 Mortlake High Street, London SW14 8SN, England.
3 Also Comsultant, 14 Cabrera Avenue, Virginia Water, Swrrey, England
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schemes, whether implicit or explicit. The work reported here is concerned with explicit
calculations.

Nagtegaal er al® pointed out that the number of degrees of freedom per element of the mesh
must be greater than the number of constraints imposed on each element by the incompres-
sibility condition. In this respect, implicit calculations are at a disadvantage with respect to
explicit, time-marching procedures because the number of degrees of freedom per element is
restricted by the need to invert the stiffness matrix; too many degrees of freedom would make
the matrix singular.

Explicit schemes impose no limitation on the number of degrees of freedom per element; for
example, constant-strain polygons with an arbitrarily large number of corners are feasible, since
astrain tensor can always be derived from the nodal displacements and, further, this relationship
need not be inverted. This advantage is offset by the problem known as hourglassing, so called
because the deformation pattern resembles the shape of an hourglass. For polygons with more
than three corners, there are combinations of nodal displacements that produce no strain and
are hence unopposed by stresses; these unopposed distortions build up and obscure the true
solution. An approximate procedure to avoid this problem in linear, finite-element calculations
hes been proposed by Kosloff and Frazier.® For explxat, finite-difference calculations in two
dimensions, hourglass patterns can be satisfactorily corrected by momentum redistributions®
but, as far as the authors are aware, attempts to extend this method to three-dimensional
caiculations have not succeeded.

THE MD PROCEDURE

The objective of this paper is to suggest a procedure that reduces the number of constraints on
plastic flow but, at the same time, prevents unwanted bourglassing by ensuring that hourglass
modes produce non-zero stresses. Only minor modifications are required to implemeant the
procedure in existing finite-element or finite-difference codes. The procedure is named mixed
descretization (MD) because the discretization for the tsotropic part of the stress and strain
tensors is different from the discretization for the deviatoric part.

Consider, for example, the case of plane strain: the sotropic strain can be computed for a
quadrilateral composed of two triangles, while the deviatoric strain tensor is calculated
independently for each triangle. In a more general case, the element z (where the volumetric
staain is computed) is the union of a number of the smaller elements Z, (where the deviatoric
strain tensor is calculated). More formally, the strain tensor in each zone z, is computed as:

(r ¥ _1 (1) z_)
E;” =3£u65f+f.i-"

where ¢; is the strain tensor, e;; is the deviatoric strain tensor z = [/, 7.
The volumetric strain, equal for all z, compromising z, can be computed as:

{z_ )y iz
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where V represents volume and, dearly,
V(z) - zn v(:_ ‘_

The effective result of the above is to refer deviatonc strains to a discretization on z.'s, while
?so::ropic strains use a discretization on z's. Notice that, if a problem is totally controlled by
Isotropic strain gradients, discretization errors with the MD procedure will be similar to those
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generated by a standard constant-strain discretization with as many z,'s as the MD kas z's. This
may require slightly denser meshes when solving purely elastic problems with the MD
procedure. No other adverse effects are introduced.

The proposed procedure is not entirely original. Key’ refers to similar discretizations where
each z spans four z,’s when modelling plane-strain deformation of incompressible materials.

TWO-DIMENSIONAL MESHES

Table I is based on a table presented by Nagtegaal ef al.’® expanded to include soms =ommon
finite-difference meshes as well as the discretization proposed here, all for plane strair. The first
column indicates the number of constraints introduced in each element of the m=s% by the
incompressibility condition. The second shows the asymptotic ratios of the number of nodes to
the number of elements as the lantzr tends to infinity. Since there are two degrees of fre=dom per
node, the third column is twice the second divided by the first. A necessary condion for
accurate calculations is a ratio greater than 1 in the third column.

As can be seen, solutions obtained with constant-strain trangles or linear-strair guadrila-
terals can be expected to be in error. Diagonally opposed triangles will provide the correct
answer for small strain problems because, within each quadrilateral, no volume charpsz in three
of the triangles guarantees no volume change in the forth one: but this no longer holds mhen the
central grid point ceases to coincide with the intersection of the diagonals. Consmni-strain
quadrilaterals, on the other hand, present the problem of hourglassing although, as m=ntioned
earlier, this can be corrected in rwo-dimensional explicit calculations. Six-nodeZ Tiangles,
which are the most suitable among common finite-element meshes, are included in the =able for
comparison.

In order to compare the schemes, the same physical system was modelled w1z several
different meshes. The problem is that of an elasto-plastic half-space indented b: a rigid
frictionless die. The exact collapse load was determined by Prandt! for a rigid-plasac material,
and has the value:

p=2+INC,

where p. is the applied pressure a: collapse, C, is the shear strength of the material.

Figure 1 shows the meshes, which are very coarse in order to accentuate any difizz=nces in
behaviour. The results are presented in Figure 2. As expected, the constant-strain tmangular
meshes provided erroneous answers; incidentally, these remained unaffected whern th= boun-
dary conditions were relaxed to the minimum required for static determinacy (all boundaries
free except for symmetry requirements and a horizontally sliding base). On the other hend, the
diagonally opposed triangles, the constant-strain quadrilaterals, and the MD mesh al provided
identically good results, only marginally worse with the coarser non-uniform meshes. It should
be pointed out that the computations with constant-strain quadrilaterals were carnied out with
hourglassing corrections proposed by Hancock® to eliminate cumulative distortions of th= mesh.

The numerical tests reported above were carried out by moving the grid-points corresnonding
to the die downwards at constan: velocity. The forces exerted on the grid-points by In= mesh
were measured, and used to caicuiate the applied pressure by dividing a force sumr by the
corresponding area. The node closest to the edge of the die was not considered in arrreing at the
pressure, since the apparent widrh of the die is ambiguous when displacement-ccmtrolled
loading is used. At collapse, the pressure under the die should be uniform; hence the partion of
the die used in the measuremerts is unimportant in the present context since the only
requirement here is to demonstrate that the proposed scheme does permit a true coliamse Joad.
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Figure 1. Meshes of constant-strain elements used in two-dimensional examples. Solid circles denote displace=m=nt-
controlled nodes under the die; dashes indicate pacrs of triangles linked for the MD procedure. Boundary condinons are:
bottom—fixed; top—free: others—vertically free and horizontally fixed
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Rowe and Davis'? presented similar analyses by the finite-element method. Apparent
discrepancies between their results and those obtained with meshes d) and f) seem to be mainly a
consequence of the ambiguity mentioned above. This conclusion was reached afi=r detailed
correspondance with Professor K. Rowe.

THREE-DIMENSIONAL MESHES

Table II is similar to Table I, except that three-dimensional meshes are considerecd. Constant-
strain tetrahedra (types 1 and 2) can be expected to be inadequate. Types 3 and 5 are zommon in
finite-element analysis, but only type 3 has a chance of providing realistic answers: notice that
the same linear-strain tetrahedra would be inadequate if arranged in groups of six rether than
five per cube. Type 4, only usable with explicit schemes, presents extreme hourglassing
problems that appear to be difficult to correct by momentum redistributions; nevertheisss, it has
been successfully used in some elasto-plastic calculations by stabilizing the mest with an

\/\/\

o)

b)

Fl,zux"c‘ 3.(a) Mesh used in three dimemmons. Solid circles denote displacement—<ontrolled nodes. Th= boundary
conditions fre identical to thaac in the two—-dimensional examples. (b) The two wedges per cube of constan »olumetric
strain for MD calculations. Eack wedge is composed of three tetrahedra of constant deviatonc s—aumn
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artificial viscosity.® The MD procedure allows the number of degrees of freedom per constrzint
to be increased simply by increasing the size of the domain where constant volumetric strains are
computed.

The same two-dimensional example was analysed in three dimensions using a discretization of
six tetrahedra per cube in a regular lattice. The mesh is shown in Figure 3. Although the probiem
is conceptually two-dimensional, it suffces for verifying the adequacy of the mesh, which hes
tetrahedral faces orientated at a number of different angles.

The results are shown in Figure 4. The same conclusions predicted by Table II and previousiy
verified in two dimensions are again derived from the results. Constant-strain tetrahedra 2liow
the load to increase indefinitely past its theoretical value owing to the inability of the mesh 1o
undergo isochoric flow; however, when the volumetric strains are computed over groups of
three tetrahedra in accordance with the MD procedure, no artificial stiffening is observed and
the theoretical limit load is obtained accurately.

. CONCLUSIONS

The MD procedure allows accurate soiution of plasticity problems with finite-elemen: or
finite-difference programs based on consiant-strain estimates of plastic collapse loads. These
elements, used normally, lead to overestimates of plastic collapse loads. Through smal
modifications to existing programs, the new procedure enables collapse loads to be predici=z
accurately. The procedure is potentially applicable to axisymmetric grids but has only been tri=2

so far in plane-strain and three-dimensional calculations. ;

Note The plane-strain quadrilateral calculations were performed with the computer program
DAMSEL.” The triangular calculations were run with TRIANG, part of a larger program cafies
DBLOCK.® The three-dimensional examples were carried out with TETRA.” All thres
programs use explicit, Lagrangian, finite-difference procedures where the coordinate updais
was bypassed during the calculations in order to reproduce the available theoretical solutions.

which assume small strains.
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