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The world is unfortunately not one or two-dimensional and the Authors have for several years been developing a computer
method for predicting impact effects in three-dimensional geometry. The program uses a central finite difference formulation
of the relevant equations, expressed in Lagrangian co-ordinates. Time is treated explicitly. This combination of approaches is
felt to be advantageous when dealing with impacts which typically involve large displacements and distortions and a short
time scale. Rather than create a program system capable of solving any problem it has been the Authors’ intention to restict
the capabilities to a number of useful geometries, thus maintaining a small and, as far as possible, simple program structure
and minimizing the computer costs. The technique has been used already for the analysis of several accidents.
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Except for rare cases of normal incidence, all impact prob-
lems are essentially three-dimensional in nature and often
require such analysis to avoid gross inaccuracies of predic-
tion. A computer program, CRASH, has been prepared in
order to perform calculations for impact problems in general.

The program follows a central finite-difference scheme
in Lagrangian co-ordinates and uses explicit time integration.
It allows large displacements and strains as well as arbitrary
constitutive and contact laws; simple elasto-plasticity com-
bined with von Mises and Mohr—Coulomb associated and
non-associated yield criteria is built in as standard. Special
constitutive law routines written for concrete and steel will
be described later.

Problems of impact are generally awkward because of
being both dynamic and three-dimensional. The special
case of normal incidence is an exception, because two-
dimensional solutions assuming planar or axial symmetry
are often sufficient. In real materials, an impact problem
requires in general the solution of a boundary value problem
in three-dimensional, dynamic elasto-plasticity involving at
least two continua. Such is the problem that the present
program attempts to analyse.

The extreme dynamic characteristics of high-velocity
impact, the generally large associated distortions and the
short durations involved, all point towards the convenience
of an explicit, Lagrangian, finite-difference scheme.

The basic building block used in CRASH is the tetra-
hedron (see Fig. 1).

The discretization of space into tetrahedrons, rather than
eight-concerned bodies offers several very interesting advan-
tages. There is a unique relationship connecting the set of
all possible relative movements between the corners of a
constant-strain tetrahedron and the combined set of strain
and rotation tensors. This implies that any movement of a
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corner or combination of movements of corners (other than
those corresponding to a rigid body translation) will generate
strains, rotations or both. However, this is not the case for
polyhedrons with more than four corners, a situation which
guarantees the existence of sets of node velocities which do
not alter the stress tensor and hence are totally unrestricted.
This problem is known as hourglassing; background informa-
tion can be found for two-dimensional' and three-dimen-
sional? problems. On the other hand higher order elements
are not desirable in elasto-plastic calculations since partial
plastification of zones requires an unduly complicated
formulation which can be bypassed by simply using a finer
grid.

When the domain is discretized in tetrahedral zones, its
boundaries are composed of triangles. The implication is
that a unique normal and tangent plane exists everywhere.
If the boundaries are composed of four-cornered polygons,
such corners will not generally lie on the same plane. No
satisfactory formulation of the interaction between domains
can then be proposed: if a ruled surface is defined through
the four corners, the interaction becomes implicit; if some
least-square plane is used, discrete jumps appear at element
boundaries;; if the quadrilateral is decomposed into triangles,
the decomposition is not unique and the approach is similar
to that achieved with the tetrahedrons but far more complex
and inefficient.

The numerical formulation of most of the equations is
simple when tetrahedrons are used. In particular, the inte-
gration of stresses around grid-points, the strain—displace-
ment and rotation—displacement relations, as well as the
computation of volumes, all become straightforward and
efficient. Moreover, the storage scheme allowed by this dis-
cretization permits dropping all constraints of connectedness
in the domain or domains considered; the program is totally
transparent to whether the analysis is performed in one or
more domains of arbitrary shape and with any number of
arbitrary ‘holes’. Furthermore, tetrahedrons are better suited
for natural discretization of more domain shapes than are
eight-cornered bodies, this is particularly true for spheres,
cylinders, cones, ellipsoids, for example.
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Formulation of the problem

CRASH — general methodology

As mentioned earlier, explicit time integration on a Lag-
rangian co-ordinate system was deemed the most appropriate
procedure for dealing with short duration phenomena involy-
ing important constitutive and geometrical non-linearities.
The finite-difference scheme used is central both in time
and space.

The general procedure is the same as that used by other
finite-difference computer programs and can be easily
visualized in Fig. 2. The resulting forces at each grid-point
are used to compute its acceleration, which is then integrated
to yield its velocity and displacement. Relative displacements
of grid-points in a continuum give rise to strains and the
constitutive equations immediately generate to the corres-
ponding stresses, which are integrated to yield forces.
Similarly, at the contacts between continua, forces are
derived from the relative displacements between the boun-
daries of the two continua in contact. The forces arising
from the constitutive laws, the contact laws and external
inputs are added to produce the resultant at each grid-point,
thus restarting the cycle.

With the explicit technique, both constitutive and con-
tact laws are used directly; all variables on the right hand
side of the equations are known and the left hand side can
be readily computed without need for iterations or approxi-
mations.

Each time the above cycle is completed, the time is
stepped forward by a small amount. A necessary condition
for the above scheme to work is that the time step length
must satisfy the stability criterion. Such criterion simply

Fig. 1. Decomposition of a cuboid into tetrahedra
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requires that no information be allowed to travel between
two grid-points in less than one time step. If this condition
is fulfilled, each grid-point will clearly behave independently
from the surrounding ones, thus effectively uncoupling their
respective equations which can then be solved separately.
This is the single most important characteristic of the
formulation: the fact that the governing equations for any
grid-point are uncoupled from those of any other grid-point
for the duration of a time step.

The general problem handled by the formulation de-
scribed is that of one or more three-dimensional bodies
which may or may not interact with each other during
deformation. Each body is totally general, including multiply-
connected domains (bodies with an arbitrary number of
‘holes’).

Continuum formulation

Each of the bodies in the problem remains a continuum
during deformation. In other words, although the materials
yield and develop arbitrarily large strains, no splitting is
considered by the program. However, special constitutive
laws have been developed which allow *pseudo’ cracking in
any of the three component directions.

Cracking is taken into account purely within the logic
of the constitutive law routines: no crack surfaces actually
develop, i.e. new nodes and zones are not created. Although
the development of such logic is not impossible, it was
realized that not only would the development time and
costs be large, but the new version of the program would be
much more expensive to run.

Damping

A full or half Rayleigh damping can be used in order to
reproduce approximately the energy dissipated by material
hysteresis without using very complex constitutive models.
Such damping is composed of two parts: a stiffness-propor-
tional term and a mass-proportional term. If a body is
visualized asan array of lumped masses connected by spring-
like elements, the first term is equivalent to dashpoints
between masses in parallel with the spring-like elements
while the second corresponds to dashpoints linking the
mass points to the ground.

Either the stiffness term alone (half Rayleigh damping).
or both stiffness and mass terms (full Rayleigh damping)
may be used in the program. Of course, damping is not
required if the material description used is able to represent
adequately the energy losses associated with the deformation
process.

Special constitutive laws

Two special constitutive laws have been developed for the
requirements of certain projects for which CRASH has been
used. One routine describes the stress—strain relationships
of concrete, and the second routine describes the behaviour
of steel. A third routine is also present which may be used
for other materials (usually a metal). This is described first.

General constitutive routine, CONSTI
The strain, strain rate and previous stress tensors are known
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Fig. 2. Scheme of the general procedure

at the time of entry to the routine. CONSTI receives these
tensors and returns the stress increment tensor.
The isotropic elastic constitutive laws® are

Oj = ?\Ekkéij + 2}.16;]'

where & is the Kronecker delta function
€ is a strain tensor component
A\, i are the Lame parameters
a is a stress tensor component

In the program, the equations are actually formulated in
incremental form, that is

AGij = RAEkk 5ij + ZIUAGH

Two more stress terms contribute to the total incremental
stress. These are the viscous stress, due to stiffness propor-
tional damping, and a stress increment due to rotation of
the tetrahedron. The new total stress is then

Uij < AOij

A von Mises criterion is used to check for plasticity. If
plastic flow occurs, the stresses are held down on the yield
surface.

Steel constitutive routine, STEFL

The elastic and plastic formulations are used as described
for CONSTI. A strain hardening model has been used for
STEEL, and the routine also allows an increase in yield and
fracture strengths to depend on strain rate.

A zone (tetrahedron) goes plastic when the von Mises
criterion is exceeded, i.e. when the second stress invariant
becomes larger than the yield stress squared. A zone fractures
when the total strain exceeds a specified value. The state
of each zone on the strain hardening curve is memorized so
that in the event of a zone returning to an elastic state, it
will stay elastic until the new (higher) yield stress is exceeded.

Cracks are allowed in the xy, yz, and zx planes only, and
the direction is determined by the highest component shear
stress. The two shear stresses in a cracked zone perpendicular
to the cracked plane are set to zero,and the maximum tensile
stress (with respect to the direction of the cracked plane)
is set to zero.

Concrete constitutive routine, CONCRET
The modes of failure allowed for in CONCRET are

(a) simple cracking due to shear and/or tensile failure

(b) spalling, i.e. multiple cracking

(c) collapse due to high pressure; the concrete tumns to
coarse sand.

The material model for concrete has been taken from Physics
International, 1975.% The model includes volume hysteresis
(compaction) up to 3.7%, and the shear behaviour is con-
trolled by a pressure dependent yield stress.

The equation of state is

P(x)=ayx + a,x* + asx® + GE/V

where F is the internal energy density
I is the zone volume
x
G

4

Gruneissen coefficient

The equation may be written
P(x) = a1x +ax? +asx® +(G+ Gx)E

The yield surface is calculated from the ‘cold’ contribu-
tion to pressure, thus

P.=ax +ayx* +ayx°2

The yield model used depends on whether or not the
material has ever been fractured. This fracture switch is set
when either the spall or yield criteria are exceeded.

The initial yield surface (in Mbar) is given by

1552 X 107 + 1.875P, —221.9 P, P.<0.001521
Y= 0.6685X 107 +1.2P. 0.001521 <P, <0.007776
0.01 P.>0.007776

and results in a 3000 psi unconfined compressive strength.
The fractured yield surface (in Mbar) is given by

y = 1.:2P. P, <0.00833
0l P, <0.00833
The von Mises criterion is used with the calculated value of
vield, together with a check on the total pressure to see if
the zone has failed.

If the element is still elastic, it is treated as in CONSTI
for an elastic material.
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If the pressure is greater than the collapse pressure, then
the zone is treated as sand from then on; the constitutive
law chosen for flowing sand is that of a viscous fluid.

If the total pressure is less than the spall pressure
(—2.0E+06 N/M?), the zone is spalled. In such a condition,
the zone may withstand compressive stresses elastically.
Shear stresses are calculated as a function of compressive
stresses (perpendicular to the cracked planes) and the strain
rate (i.e. friction).

The zone may crack in one plane due to the von Mises
criterion being exceeded, or due to any of the three com-
ponent stresses or the largest principal stress exceeding the
allowable tensile strength.

A zone which is already cracked in one plane may later
fail again in another plane. The zone is set to the spall condi-
tion. A spalled or cracked zone may be crushed to sand.

Input data and geometry specification

It would be impractical if it was necessary to specify the
position of each node in order to describe the shape of an
object. Routines have been written which generate two body
shapes which were thought would be most useful — a cuboid
and a cyclinder (both hollow and solid). The program allows
generated bodies to be connected and from these two basic
shapes, it has been found that it is possible to describe (i.e.
build) many complex body shapes (from a canister for
waste nuclear fuel, to an aeroplane).

Other data which the user needs to specify are

(2) body velocities

(b) node—zone contacts data (this data will become
redundant when the contact logic is made automatic)

(c) the Lamé parameters for the constitutive laws for
each material.
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Computer requirements

The present version of CRASH allows only an in-core solu-
tion. Also, because of the data organization (within blank
common), it is certain that an out-of-core solution capability
would be difficult to develop, and would increase the running
time significantly.

Some problems needed around 250 000 words (decimal)
in blank common, and for this reason, the CRAY-1 computer
has been used for the development of CRASH. Fora 2328
zone problem, computer time works out to be 5.5 E-04 cp
seconds per zone per cycle (1 cycle is one timestep).

Conclusion

A numerical approach to the analysis of impacts has been
developed and integrated into a computer program dedicated
to the treatment of this kind of problem. The above text
offersa description of the program philosophy and principles.
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